A novel sliding cable element that takes friction into account is presented to solve the analysis problem, such as the slider reefing parachute systems, the suspended cable systems and the space net systems. According to the force analysis of the slider point, a formulation is obtained, which aims to calculate the tension on both sides of the slider point using the node coordinates. Based on this formula, the principle of virtual work, the finite element method, the generalized node internal force, the body force, and the time-dependent mass matrices are derived. Two classic validation problems with analytical solutions are used for the comparison of the solutions between the analytical method and the finite element method, as well as for the comparison of the solutions with or without friction. The comparison results show that the sliding cable element is theoretically correct and that the results without considering friction are unreliable. A new approach using the sliding cable element for the accurate friction test of the space net was presented for the analysis of the two-stage projection scheme; the result indicated that the accuracy of the experimental data processing is improved.
Introduction
Mechanical problems from a sliding cable with friction arise in many engineering fields, such as electrical transmission lines [1, 2] , protection structures [3] , suspended roofing systems [4, 5] and tensioned fabric membranes [6, 7] , suspended cable systems [8] [9] [10] , and parachute systems [11] , as well as the analysis of the space net. The sliding cable element is the core analysis method used to solve these problems. According to the main features of a cable in practical projects, numerous sliding cable elements have been proposed.
The existing sliding cable elements can be divided into three-node elements and mufti-node elements. Regarding the three-node element, the central sliding node comprised of the two end node and the three-node element include the model of Aufaure [2] , Zhou et al. [11] . The element proposed by Aufaure only allows sliding between two end nodes, and the element developed by Zhou allows continuous sliding with the remeshing algorithm and the searching algorithm. For the application of large-scale cable structures, the muti-node model [4, 12] was proposed to avoid assembling several single-slider elements for the analysis of systems containing multiple sliding nodes. For either the three-node element or the muti-node element, the friction is not taken into account. However, in many cases, friction has a large influence on the dynamic behavior of the system, and the frictionless model may yield unrealistic results; two validation problems have been used to show the influence of the friction in this paper. The sliding cable model proposed by Jibril [12] takes friction into account based on the unstretched length conservation constraint. However, this model ignores the inertia of the cable; when the inertia of the sliding cable cannot be ignored, errors occur in the simulation results.
A three-node sliding cable element able to take friction into account is proposed in this paper. Since the remeshing algorithm and the searching algorithm have been proved to be stable and robust in the work of Zhou, the focus of this paper is to establish the dynamic equation of the sliding cable element considering friction. In section 2, by analyzing the tension on the two sides of the sliding point when it is sliding with friction, this paper proposes a formula that can calculate the tension on both sides of the slider point, according to the node position at the current moment. Based on this formula, the large deformation theory is used to derive the geometric nonlinear dynamic equation of the sliding element. A sliding detection algorithm for determining the stress relationship on both sides of the sliding point is proposed. In section 3, the theory is validated by two frictional theoretical dynamic sliding cable mechanisms and an FEM program using the new element. The simulation results with or without friction are compared as well. In section 4, the new element is used in the friction testing experiment for the analysis of the two-stage projection scheme of the space net [13, 14] . The experimental data are processed by using the inverse dynamic model, and a more accurate calculation result is obtained, fully demonstrating the powerful capabilities of the finite element method for calculating continuum dynamics.
Methodology
The strain on the cable must be obtained if the principle of virtual work is used to establish the dynamic equation of the element. When there is no friction during sliding, the strain is uniform along the cable, and the strain can be obtained by using the geometric equation [11] . However, when the friction force is introduced to the sliding cable, the strain is different from that at the slider point; since the unstretched length of the segments other than the slider point is unknown, the strain cannot be calculated by the geometric equation. As a result, it is essential to study the sliding mechanism to find a solution.
Sliding Mechanism
Considering a flexible rope moving with friction on a circular arc with a radius of R, as shown in Fig.  1(a) , the cable slides relative to the arc are at the speed of Vr. Due to the effect of friction, T1 will be greater than T2. To determine the relationship between T1 and T2, a micro element is extracted from the contact part to implement the force analysis, as shown in Fig. 1(b) . Generally, the mass of the contact part between the cable and the arc is very small; thus, it is reasonable to ignore the inertia force. According to the equilibrium of the force, the capstan equation [15] can be obtained 1 2
where  is the friction coefficient between the cable and the arc, and  is the total wrap angle.
When the radius of the arc is small compared to the length of the cable element, the sliding contact part can be viewed as a point on the sliding cable element; in this manner, a geometrically nonlinear three node cable element is developed, as shown in Fig. 2 . Node1 and node2 are the vertices of the cable, and node3 is the slider point. The current cable length between node1 and node3 is l1, and the current cable length between node2 and node3 is l2; the initial length of l1 and l2 is L1 and L2, respectively.
Assuming that the Cauchy strain between node1 and node3 is 1  , the Cauchy strain between node2 and node3 is 2  , and the initial length of the cable element is L; then, the following is obtained:
the Cauchy strain is given by
in which E is Young's modulus, and A is the cross-sectional area of the element. Substituting Eq. 3 and Eq. 1 into Eq. 2 yields
in which
If there is tension on the cable, then c<0, 
In the finite element program, L is a known constant, l1 and l2 can be obtained from the node coordinates, and T2 and T1 can be obtained by using Eq. 5.
Mathematical Formulation of the Sliding Equations
Considering the active sliding cable element, the global position vector r of an arbitrary point on the cable for which the distance from node1 along the unstretched cable is s can be written as 
Unlike the sliding cable element that does not consider friction, the shape function is not only the function of s but also a function of L1 since L1 varies with the motion of the slider point; the variation of the position vector r can be written as
 can be expressed analytically as a function of node coordinates using Eq. 5, as well as the constitutive equation and the geometric equation; however, the form of the
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formula is very complicated. In the case that the Cauchy strain on the cable is not large, the strain can be approximated as
The current element length is determined from the current node coordinates  
Performing the variation yields
Applying the principle of virtual work and the total Lagrange formulation, the virtual work done by the inertial force can be written as
in which  is the density of the cable element, and is the initial cross-sectional area.
Substituting Eq.6 and Eq.8 into Eq.12 gives
To solve the dynamics of the sliding cable element, it is necessary to extract the part containing e q  in Eq.13 to obtain
in which M is time-invariant and has an analytical expression. Other matrices must be numerically integrated during the finite element program operation.
The virtual work done by gravity can be written as
where g is the gravity vector given by
The generalized nodal force of gravity is
For an active sliding cable element that does not consider friction, the stress is uniform along the element; however, when friction is present, the stress on both sides of the slider point is not the same. As a result, when sliding occurs, both changes in the strain along the element and changes in the strain energy at the relative sliding part between the slider point and the cable occur, as shown in Fig. 3 . The incremental virtual work done by the internal force is For the three-node sliding cable element, the Green-Lagrange strain [16] is given by
the second Piola-Kirchhoff stress is given by
and the strain energy is given by 1 1 (1) ( 2) 1 11
in which ( 
1) 11
 is the Cauchy strain between node1 and node3, and
 is the Cauchy strain between node2 and node3; these variables can be written as
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Because the strain and stress on the both sides of the slider are assumed to be constant, the integration in Eq. 17 is performed analytically as T EA   , the variation of 1 L can be written as
From Eq. 1 and Eq. 5, 1 T is a function of node coordinates; thus, Eq. 23 can be written as 
substituting Eq. 24 and Eq. 10 into Eq. 22, the generalized nodal force of the internal force can be obtained by
(1) 11 11
In the case of a large Young's modulus for the cable, the strain energy of the relative sliding part on the cable changes very little, and the generalized nodal force of the internal force can be approximated as
Sliding Detection Algorithm
Since the strain distribution is determined by the functional relationship of the pull forces of the slider point, and since the pull forces will change with the sliding mode, a sliding detection algorithm is required to determine the functional relationship of the pull force. When the relative sliding velocity is not equal to zero, according to Eq. 1, the functional relationship of the pull forces is given by 1 
2
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Verification Problem
To verify the correctness of the kinetic equations, two classic problems with analytical solutions are selected for comparison of the solutions between the analytical methods and the finite element methods using the sliding cable elements.
Verification Problem 1
As with the validation of the sliding cable elements that do not account for friction [11] , problem 1 is used to validate the mass matrices and the generalized node force of gravity. As shown in Fig. 4(a) , a rope is laid on a fixed pulley; the lengths of the ropes at both sides of the pulley are L1 and L2. The . Assuming that the rope is infinitely stiff, the total length of the rope remains constant, and the acceleration of rope on both sides of the pulley is the same, as shown in Fig. 4(b) . 
Eq. 28 can be solved numerically by the Ruuge-Kutta method. A single sliding cable element is used to simulate this problem; the fixed pulley serves as the slider point, and the Young's modulus of the sliding cable element is very large. Figure 5 . Length of rope on both side of the pulley Figure 6 . Length of rope on both side of the pulley Shown in Fig. 6 is a comparison between the analytical solution accounting for friction and the analytical solution that does not account for friction. It can be seen that friction has a significant effect on the sliding process, and as time goes on, the deviation will increase.
Verification Problem 2
When the friction is taken into account, the direction of friction that the cable is subjected to must be considered. In this article, the sliding speed of the slider point relative to the cable is considered the direction of the frictional force exerted on the cable. Problem 2 is primarily used to validate the sliding detection algorithm and the internal force of the sliding cable element. As shown in Fig. 7(a) , a bead of mass is suspended on a massless rope; driven by its gravity, the bead slides on the rope, with friction. Assuming that the rope is infinitely stiff, considering the definition of the ellipse, the trajectory of the bead is exactly an ellipse. Let the bead's coordinates be (x.y). The bead's trajectory equation can be written as Figure 7 . Sliding bead problem
The free body diagram of the bead is shown in Fig. 7(b) ; the left and right tension forces are T1 and T2, respectively. Applying Newton's law in the x and y directions yields 
When the bead is moving towards the left, T2 is greater than T1 via the effect of friction; in contrast, when the bead is moving towards the right, T1 is greater than T2, considering Eq. 1, and the relation between T1 and T2 can be written as 1 2 T kT  (31) where 
in which  is the coefficient of friction between the bead and the rope,  = 0. A single sliding cable element is used to solve this problem, in which the bead serves as the slider point, and the value of Young's modulus of the rope is very large. Fig. 8 and Fig. 9 show the x coordinate and y coordinate, respectively, of the bead calculated by the finite element method using the sliding cable element and the analytical method, respectively. It can be seen that the results of the two methods are quite consistent. Figure 8 . The x coordinate of the bead Figure 9 . The y coordinate of the bead Fig. 10 and Fig. 11 show the x coordinate and y coordinate, respectively, of the slider when friction is considered and when friction is not considered. It can be seen that when friction is not considered, the mechanical energy of the bead remains unchanged. When considering the friction force, the mechanical energy of the bead is continuously decreasing; finally, the bead stops at the left position from the lowest point, as shown in Fig. 12 . This result is due to the fact that friction caused the tension of the rope on the two sides of the bead to be different. 
Application for the Measuring Space Net Pullout Force
In this section, the sliding cable element accounting for friction is used to build an inverse dynamic model to help measure the pulling-out force of the space net from the net package for the analysis of the two-stage projection scheme of the space net [17, 18] . The space net is one of the most promising devices for space debris removal [13] . Gao proposed a two-stage projection scheme of a space net by using the "outstretching first and opening later" concept in the parachute inflation process, as shown in Fig. 13 . The friction while the space net is pulling out in the first stage has a large influence on the dynamic process. Therefore, it is very important to measure the friction force accurately when the space net is pulling out of the net package. The experimental arrangement for measuring the pulling force of the space net is shown in Fig. 14. The space net is tied to one end of a rope that passes over two fixed pulleys, which are able to measure the force applied by the rope, and the other end of the rope is connected to a rope towing trolley, which is able to measure the speed and the drag force of the rope, because the stiffness of the rope is very high. Due to the impact of friction between the rope and the pulley as well as the inertial force, the force measured by the towing trolley is not equal to the friction between the space net and the net package. The approach to solve this problem is to establish a system that uses the speed of the towing trolley, the force at the fixed pulley and the drag force measured at every moment as the input, as well as the friction between the space net and the package as the output. A model with two sliding cable elements is used to solve this problem, as shown in Figure ; fixed pulley 1 serves as the sliding node4, fixed pulley 2 serves as the sliding node5, node1 is the point where the net is connected to the rope, node3 is the point where the rope and towing trolley are connected, L1 is the length between node1 and node3, L2 is the length between node2 and node3, L3 is the length between node2 and node5, L4 is the length between node3 and node5, f is the friction force between the net and the package, and 1  and 2  are constant during the leftward movement of the towing trolley. Considering that the mass of the space net with an arbitrary pulled-out length can be calculated, the mass of the pulled-out net can be considered lumped at node1. Based on the theory of the sliding cable element, the dynamic model of the system can be established; using this model and the motion information of the towing trolley, as well as the drag force of the rope and the force at the pulleys given by the rope, the friction force between the net and the package can be obtained. An example is used here to show the processing of the experimental data. The material and mechanical properties of the experiment are shown in Table 1 . The relationship between the mass of the pulled-out net and the pulled-out length is given by 2 0.0067 m l  , for which the units are international units. 4 10 m, 0.5 m, 9.55 m, 9.95 m As shown in Fig. 16 , the inverse dynamic program outputs the friction between the net and the net package when the mass of the rope is and is not taken into account. It can be seen that ignoring the mass of the rope will cause a certain error in the result, especially during the acceleration stage in the first four seconds. Since the net in the net package is stacked in a concentric manner, as shown in Fig. 14, the friction between the net and the net package will periodically fluctuate during the pull-out process; at the same time, the plastic deformation at the center of the net package caused by the assembly process caused the increase in the friction force at the later stage of pull out. The friction force during the pull-out process is less than 2.5 N, which can be used as a critical parameter for the design of the space net. 
Conclusions
In this paper, the mechanism of the sliding cable is discussed, and a formula for calculating the pull force on both sides of the slider point with the current node position is proposed. Based on this formula, a sliding cable element accounting for friction is formulated with the principle of virtual work and the total Lagrange formulation. Two problems with analytical solutions are demonstrated to validate the dynamic behavior of the new sliding cable element and the sliding detection algorithm and to compare the differences in the results with or without friction. The application in the space net pull-out friction measurement experiment is presented. In the current work, although only one type of functional relationship of the pull force on the two sides of the slider point is presented, the dynamics equation of the sliding cable element in other resistance modes can be obtained according to the derivation method in this paper.
